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Dynamic mode decomposition (DMD) is a data-driven method for calculating a modal representation of a nonlin-
ear dynamical system, and has been utilized in various fields of science and engineering. In this talk, we introduce
reformulations of DMD, namely probabilistic DMD and Bayesian DMD, with which we can explicitly incorporate
observation noises, conduct posterior inference on DMD-related quantities and consider extensions of DMD in a
systematic way. Furthermore, we introduce two examples of application: Bayesian sparse DMD and miztures of

probabilistic DMD.
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1. 8=

BHERBROBRD 72D S NDOHETET NPT —R %
BEDE — RIS 2 Z &AM ORHER) R FED VL DThH
5. BTH, EABERSHE (proper orthogonal decomposition,
POD) WHEREZ TANF—IZHEDVAZE— RIIHRTZF
HEEUTHISNS ([Holmes+ 12] ZEZ&INALW) . X
7z, TARIZED L POD L ABOFNENS %% Fike UTH
E1ffs % (principal component analysis, PCA) & A < iV
5N T3 ([Jolliffe 02] & ¥ % SH) .

HWE— R (dynamic mode decomposition, DMD)
I A A F I 7 AIE DL F—2 Iz g 5 E— ROMRTF
HKELUTHEHZEDTEY, MK DODE [Rowley+ 09,
Schmid 10] TREINT1S, KA L2HTRHAINTY
% ([Susuki+ 14, Proctor+ 15, Berger+ 15, Brunton+ 16a,
Kdemaxd %43, DMD Ddkfgtr T ORI H15
720121& [Rowley+ 09, Schmid 10] %, Ffi FDFEMIZDOWT
I [Tu+ 14] %, Koopman f##T & OBERD 5 7% % B HIFEH
IZ2WTE [Budisié+ 12, Mezié¢ 13, Tu+ 14] 2SI 720,
—RANZHW SN T WS DMD O 7 )V T A% Algorithm 1
NN

Algorithm 1 (Dynamic mode decomposition [Tu+ 14]).
(1) KR5 {yo,...,Ym} 5, ROT— X7 Z/EKT 5.

Yo = [yo ymﬂ] , Y= [y1 ym] - (1)

772U, y, € Ch.

(2) r=rank(Yy) & LT, RREDMR Y, = U.S, V! 255
4%, 12EL, U, eC™", 8§, €C™", V, e C"™*".

(3) 1141 A = UMYV, 8. OFEAME A\, FERZ ML w %
AT 5.

(4) EHENCHETSBHE—F w = \"'"V1V, 87w %
AT 5.
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Algorithm 1 1%, 174] A = YlYJr (t 12 Moore—Penrose
pseudoinverse % /~"9) DFEEME - FAENT MVEEHELTH
BIBER. 175 AT —RDOBREHEHIZ EMU 2]
LOLUTRAREZD, —ERHETIZEWT, ZOMEET
DY TR N ERN S ERINZT—RIIRH U TEHIEY
LTED. TOLXMEEEIZ, T—EDHFERO Koopman fE
Fi#% [Koopman 31, Mezi¢ 05, Mezi¢ 13] (2B & REER/ 42
Ml R TERABEBENSERINT NI NS 2L THD. it
U <& [Tu+ 14, Brunton+ 16b] 2 2 I Nz, )L I—
RIKEIZE 1D DMD D Koopman i NDINERIZ DWW T,
[Arbabit 16] BBEIIE 5.

AT, DMD IZHIGY BHEEET IV EmRL (Section 2.),
DMD DA AHHEE % 8% 9 % (Section 3.) . F7z,
MR N AT LD Al E LT, XA XA
JN—Z DMD (Section 4.) & E& RN DMD (Sec-
tion 5.) &9 5. DMD & Zh b DHERE OBIRIE, PCA
& ZDIEETH 2 RN PCA [Tipping+ 99a], X A
PCA [Bishop 99], %TMXN~XPCAme+0mB¢0
BAHERK PCA [Tipping+ 99b] & DB L K BTV D

2. WX DMD

X (1) POFREEZEHELT, 175 Y, D jHIHZRT MV
Yy; EC"TKRYT (U=0,1, j=1,....m). ZOTFT—ERY
RLIZH LT, ROBHIETLVE L.

k
Yo.ilp1:k5 ~ CN <Z Pij Wi, 021> ;

i=1

k
Y151k, ~ CN <Z Aipi jw;, 021> .

=1

(2)

=L, CN(p,o?I) (& p, HE o OEREH DA TH
5. 77, W1k, Ak BLV o2 WBZETINDNNTARZTHD.
=7, @i CIRIROFRINGEFZRD.

i ~CN(0, 1). (3)
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1: A graphical model of Bayesian DMD.

total-least-squares DMD (TLS-DMD, [Dawson+ 16]) D
HE—BT 5. B, TR A ZBBVEE (6° = 0)
121 Algorithm 1 OH )1 & —3¢ 5.

N4 X8y DMD

EFN (2) HONRFAZIZOVWTEHMOHEZERDZ L
T, NA AR EFEHT D, £9 wip (ZDOVT

3.

wilv; 1., ~ CN (0, diag (v7,,...,v7,)). (4)
X5l vl (d=1,...,n) T2V,
v; g ~ InvGamma (o, By)- (5)
E A BT 02 IOV,
Ai ~CN (0, 1), o° ~InvGamma (as, 85). (6)

UEEZZT74HIVETINTET L Figure 1 DL D IZARS.
AHFETIE, XA ZH DMD 128 1) D HE S #HERIE Gibbs
sampling (Z & > Ti7> 7.

Example 1 (Bl#ll /4 XD dH 37— 2395 DMD).
Stuart-Landau HER :

Tepr =1+ At(ure —17), O = 0 + At(y — Bry)

& r=ypilVIV A7 EED. TIT, p=1y=
1,8=0,At =0.01,70 = \/i, 0 = 0 {ZHVT 10,000 AT
TOBUERE S %170, ROBHIBEKTT —2 &A%/ U7 (e I
YO, k1074 oFais) .

X X . X T
yr = |:€727'Qt 677,9t 1 e'LOt 6219t] + e;.

DMD (Algorithm 1), TLS-DMD [Dawson+ 16] 3 & U~
A DMD (BDMD) (2 & 2 EAEDOHEERER % Figure 2 12
R, 2L, MRORBERIEY VY v TRERO 95%1E
AKX %xR$. TLS-DMD & BDMD Tid& $IZIE LW HEE
NELNTWS A, BDMD IZ& - Tl Tk < HEofm
DWEPRFLNT NS,

R4 XBR /18— Z2 DMD

RA XM DMD OHFHAD —HEEETZ I LT, BN
E—RICEHUTANSN=ZEALE S\ DMD 2%EB 95 Z
EMNTED. BERMIZIE, FHiiod 1) 8L0 (5) 2RO LD
AT 5.

4.

wi|vi271m ~CN (07 o” diag (vil, .

) U?,n)) ’ (7)

(8)

vid ~ Exponential(’y?/@.

[ x bmp A TLSDMD BDMD (average) |
< 05
<
= o
Z .05
:%f -1 X X X X X
© 15 : : : : : :
3 2 1 0 1 2 3

Im(log(A)/At)

2: The estimated eigenvalues. The true eigenvalues lie
on the imaginary axis since the data are periodic.

FEU, yi BT S=8F A ZTHE. KBIETIE, ZDN
A NR=IRTARZFEY TN EM OPATHERE L /2. §F
flld [Park+ 08] 2SI v7z .

Example 2 (B#EEHERE). 70 7%D L7275 A (Fig-
ure 3a) I2&oT, MDEHIZITF—2Z2HEK U (e 1T
Yo, 48107 oF RS .

.
ytzA[O.Qt 07t 0 0| +e.

B 1 X e DRZEIZLY, BRBHNE— ROFUIEHATIIZA
. sparsity-promoting DMD (SP-DMD, [Jovanovié+ 14])
T, lasso XL DBMIIZ L > THEMBRE— REEZREL T
W3, Figure 312, DMD (Algorithm 1), SP-DMD, #@#
DA A DMD (BDMD), A/8—AIEHIEARA Z# DMD
(BDMD-sp) I & 34751 A OH#eEsER % 7T, BDMD-sp I
o T, ZEROBNIEL LIZ SP-DMD & FRkDFER I E S
NnNTna3.
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3: The true and the estimated dynamic modes in each
column. The filled square denotes a positive value, and the
empty denotes a negative value.

5. EASERKN DMD

ERETI (2) #ZEHT S LT, DMD %EB&E TV
RTED. BRNICIE, MOEIBETIVEHZRD.

k
c~CN <Z Pi,j,cWi,cy UgI) )

i=1

k
c~CN (Z Ai,cPi,j,cWic, U?I) .

i=1
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EU, ze{l,...,q} WRBERIIWINT DIBMLEERT, #
T2BRIRE ¢l c FEHORAGERZRT. 216U TIH 2488
FAZ g I me=1) 2E>THEDM p(z; =c¢) = me
E%Zé ZKHF%VCLEL /ﬁ—'j)(& W1k, )\1:k BJ:O"JQ, @‘5
CNTIBTEEE o1:0,1m B E O 210 OHEEITHEEH T =— V)~
7 [Ueda+ 98] 8L V'EM 7V TV AL & W=,

Example 3 (i 5 24 1) > 7). Chua [HEEE T :

& =15.6 (y + 0.286z + 0.2145(jz + 1| — |z — 1)),

y=x—y+z 2z2=-28y

W&o TTF—2 %%/ L, EBE&MERX DMD (MPDMD) #%
WU~ 72, ke UTEAKERKN PCA (MPPCA)
[Tipping+ 99b] & & U k-means++ [Arthur+ 07] £#AH L
. WTNOFETHRAEREE (MPDMD A5 ¢) 1212
HEU-. TOEZ Figure 4 1279, MPDMD I2&- T,
BN EE &2 T I LITFITENT WS,

- I

(b) MPPCA

2 3

(a) k-means++ (c) MPDMD

4: The clustering results (best viewed in color).

6. F&D

AFETI, BE— R2# (dynamic mode decomposition,
DMD) DO#EaRE U THERIY DMD & & U+ A DMD % 2
EU, TNIZEDLEAFIE ULTRA ZWAR—Z DMD &
L OREHERK DMD 28/ U7z, 205 DRERIK NA X
IR MZ &> T DMD IZEWTER ) - X% BRICEEL
F ) I8T X B DREBRIAEHEERAT Z B &7, DMD DHLRAE
—HRATE R 5N, RIS TIEREDAHERIZ Gibbs
sampling & V7223, KEUET —ZIGEMT 5720123 &Y
SRR TFENLE LS, SHBROBETHD.
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