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Mathematical Understanding of Batch Normalization as Approximation of Natural Gradient
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Batch normalization is a widely accepted technique for training a deep neural network because batch normal-
ization drastically speeds up the learning process of a neural network. A connection between batch nomalization
and natural gradient has been suggested from qualitative and experimental point of views. However, mathemat-
ical mechanism behind batch normalization remains unrevealed. In this manuscript, I analyze the effect of batch
normalization and depict the relationship toward natural gradient under several conditions and approximations.

1. EC®HIC

A, B EREANOR 2 2 e LT =2 -7
v M7 =2 OWMERERIITDbNT WS (8,13, 21, 22], £
DHT=a—Jxy b7 —27D¥ER/E iﬁ%?&ie‘: L
T, EHEREEINZEDIZN Y FEHEHH S [10], BN G
M7 DY 5 BIRK 73 3 w2 B 2 72 DR S FIHDEA T
W5 (8,9, 11, 15, 17, 20, 23], TRHED X > HFHAEH > T
Ny FIEHLIE=a—F Y b2 0FHEIITZ2DTH
255 KRB L ORIERZRBIER D S DR E LT *1, Ny
FIEREPERAEE [1] ZEUICERH S 2 Z L BB TS
5L ELNTVDA [19]. BHHLRFMIIRZAHETH 5,
E 7= EEE PO NI (B L T, BN %28 A S 5 EATIZ
LTHEmORMAFKR T T WD [15]

INsDEmEERE LT, ARTIENN Y FIERML L ARA
FliE DBIMRMEIZBE U CHBIIN R 3T 217 5, ZTORERE LT,
WL D DE&MB T ONELO® & T FIERLIIBEES 2 1
JEDNT A —RENZB T2 BARBIEEE EBT 5 Z L 2mRT,
itﬁﬁfﬂv%ﬁﬁk%ﬁk?é&%t%@%%ﬂ%bf%
BET

2. MLP

UTRTIRIROBEA L Jg/S—% 7 s> (Multi Layered Per-
ceptro: MLP) %% X 5%,

W) — fB)(a®)

al) — WO RpE-D 4 L)

ply = 1]x) =

KD = D (a0)

a® — Wy 4 p® (1)

ZZTx € RVin 33MER. vy € {0,1}
%,

IFHHERTH
(WO b IZE I BIcBF 5%y NT =2 D5 A—=X,

HAG S KA, A, (EFT, EEES, Fax &5, 87X
7T RUVARE
x1 Salimans and Kingma [19] Tl Ioffe and Szegedy [10] A%
LTWdELTWAH, ERRIZ Toffe and Szegedy [10] IZIXFLiR A
N7z D IERERBEIZ DO W T A TS 5.

FO R - R (BN IEEH D) FHELBEL a® e RV
B lEo=—a—orviE NO & U AERLEEAN DB,
ZLTh® e N 3zolhTchds, £7- 1 ZHEK f(2)
DEIBIZZWITERT PV x = (21, ..., xN)T 2L ZBRICIE
BB f(x) = (f(z1),..., flan)T & RY = RY AR
2175 & Uz,

MLP D% 3R DERIZ
ERLE NG,

FEEL L(9) oBuMEREE LT

0" = argmin, L(6)

L(0) = E(x,y)~n [~ log p(y|x; 0)] ®3)

Z DRE % FBRITHE < 72 DI IEHESR M A Bl % N (Stochastic

Gradient Descent: SGD) AL FIfiZ N5, SGD TIFI=

Ny F LIRS (y,x) DDEY VT h SIS S 0 D
Bl A HEE U CBIRINIZ ST A — R & HEHT 5,

(2)

3. Ny FIERHIL

N FIEFE [10] & MLP O & 5 24% a 12
AR AR UTERES NS,

LT, ROk

a— uB
— (4)
T ug BEVPog BIoNYFhoBHELEZ a DFEHEB &
UHEHERETH D,

Ny FIEHEZBAT BT E U TIZIEEEEOR a® &
LU hW BHEINTVEH, AR TIREHZE S 2R WRD
k0 TH S al I TE NN FEHLEEZS, ZD
Ba, 5”—BN@@)%&“K§@0(ﬂ”@ﬂﬁtT&

Ny FIERLBEEBRTH 5720, h® 25 al) Aozl
LhfET

BN (a) =

a® — BN (W(l)h(l) + b(l)) 7740 NORR NO) (5)

DOFRIZILD RS Z e TE B,
Ny FIEHIZ B W T & R G B ¥ 3
Ny FIREFHEBEEFIHT 2D1 Jﬁi@%Af%éumoiof

ZDEF Ny FIEFLOBHN 2 EHZ L2 B R T 5 ETIIAEM
TENEEZ, UTOOHTIEIAY FEFLEEVW22E, I
2 up BEWop 1d a DEDEHE L OEERZEZ AL TW
LML L CHERT 5.



4. BALABSE

SGD DEAT v FIZBIF 57857 A — XEHIFIR OB il
{LRIE % RN TV 2 LN T E B,
2
§ 30
oL

oY — argmin, {<

REU S = (5F,.. )T LEHLE, ThiEST A —
KDL Ta—2 )y FilE#ZEA L. 2Oz —E
LT BHIROTLTREELE TS HREAO2FHLTWS Z
IR S0, U LA SHIEEHIE TV D8 T A — X Dk
RHRAZAFRCN LT, 2—2 ) v RV #EYLRFRETH
5 RS, Amari [1] 3FFNETVOELEEZ Y —< v
SRMERL R L, 71y ¥ v —EHETH

dlogp\ [ dlogp\ "
Fop = Ex~r {Ey~p(yX;9)|:( ag )( 85 ) ™

WLk hEEE) -~ VitREF#OREE UTRAT 2 HRS
fdiEZ R Uz, BRAEEZMATZZ 212k, =a—7
Wy N7 — 7 OFEFZE I DR RS T ORISR AN
RIS 2 Z e AHSNTVD [2, 4],

HARAMIEORBEDZDIZIIREL ST TZODOAENS,
—DHDOFGER, BIRIIZ 7 1y ¥ Y —EREITHE L F D%
151 % R L BRAE % kD B FIETH S (1,6, 7, 12, 14, 18],
IO BLHRHEARNRE DL Amari [1] DEET7 +v > v —1IF
WRITHZHEET 2 HIETHD, ULALAEDNSKREEAR Y b
T=21ZBF 571y ¥y —EHETFIIERRKRET L5,
HELOAHEZBIRT 52012, 71y ¥y —IERETH DX
FHERL [12]%2, A% S > 23R8l (18], A S— RATHLERL [7]. 2
0%y H =T [6, 14] RIS TN TV ZLHHREE
INTWB,

ZOHDFGER, BRIZT 0 ¥y —EHRETH 2 ELD )
SDTIERL, AV MNT =2 DNRSA—KZDWY FEEZ5Z
EREITED T4y ¥y —IFRESTI E BAATINGED T 5
ETH5[3,5,16,19], TAUTIZ/NT R — X P0RERERO HEAE
BHIZNT B2y bT—27 OEEEORE [3, 16, 19] . /¥
TA=REHZ LD T 1y ¥y —ERETFION 1L [5] A
S5NTWVW5S,
IROBETIBHK 2N Z2BL T, HERMADE TRy F
ERED EELD 5 5 =D HOHARAEDEMIEL UTHRET 5
ZEERT,

oL

8W9—9®>—H9—w”

Ny FIEFRE DD

UTFTRAMORELZRELTE2, ETCOET=a—10
VEBIZ—EB N THBETB, £ WO FEMTHTH B
L35,

ZIZTHEHTEIE. BERRED NI A —ZMIZHIET 5
7 1w ¥ r —EHRETH O 1TF,

5.

-
F -1 = Ex~r {vec (6<l)h(l>T) vec (5<l71)h(171ﬁ) }
y~p
(8)

Thd, 22TV IZ I BB HEREETHSE, Th
X7 14w ¥y —IEREFTFIOIEN A D TH 205, BRAN

x2 Kingma and Ba [12] 52X HRBZIZERE L TWD,

PEHIT LI IO mNERY, ZOEHSITH
F oW & al) OFFHIHNIEZRET S5 Z T, ROZB Ry
71 —RF 3% [5, 6, 14]

Fii—1 =~ Ex~n [vec (h“)h(l*l)T)] &
y~p

E, [vec (6(l>5(l_1)—r)] 9)
LLTERTES, 6O L0 60D 3Ny FERIZBWT
ﬁ@@ﬁ%t@gmmtmeﬂ@mONmWUU]u@a

y~p

T5, WY = WH)1@» -y cEEs s, Thik
)
Fmﬂwgwq
— (W)Y Exer Pﬁ”]T (10)

—_————
)

Ex~1r

y~p

~TT

(00O = ()7 B

y~p

LERETE S,

PR (10) £ 0. Ny FESLOBAT B MBI L TE
SRS NDE, FTHEIHAN 0 L AB7201TF, (P)H ok
BAUTHV, ZHd L EHOWIEERE~D AN TH S h® O
RHMETH B DT, Zid Ny FIEH L Z BB D& ICEA
TBEZLIZLDERTES,

IZHE—THM 0 2570121, (1) 20 L2l R
W, B UK fO BIETH B 51, INEERTBIZIF
EH EEROENEB R fO =0 ULhrdoEewn., Ll
BIRSERWR=a—5 3y b —2 Tl fO BIEET
HBDT, fO £ 0 THBEPEFLET S, RO 1HZ2RT -
O, MOMERDHIIRNT 2542525,

EE 1. MEREK x = (21,...,z8)" € RY OEED
zi,r; (1 <i<j < N)IZHULT, Z0REAMHEREE

& = xj — Elay] (20 S D HERE LB p(&i, &) A p(&i, &) =
p(—&,—§&) Zhirzd & &, p(x) 13 2 ZHHENFIEZE o &
I 5,

Z DM THERE BTGB G W & LTk, MR
T HERBERAR, Bl RIS BB IR DA 10 D HEREH A2
55, UL URA S Z Ok S 2 sl R % 5 B O i FRitk 1
EOWEMETHY, HEDRY VT =T 2FENBEEVHD &
ZEZBIIARERTH B, 2 ZHMIAFREL 2 250 o AL
HERIZN U TOMMEFES 2D T, p(x) BIEIFEDZE I B
DB 55, HEIZIDIEWVEWRETHELEERX D, D5
HEFALTROZ ERER 5,

W 1. al) 2 BN E RO L5, £ fO 138
B fO(x) = fO(—x) EET 5, T, Ny FERLI
ko) =0tk3,

Proof. £3 i=j DBENSEX B, £T 2 LRERFRME &
0 &'V R DHERE R p HEEKTH B, 7 g@") =
#VW@W)M%%ﬁT%éo;ofExgﬁﬁﬂWQM}:
Jgla)p(a)da =0 BE x5,

WiZi #£ jOBEEERS, Vi,j5, (1<i<j<N)
EHLUT @",a") ~ py £ T B, EEROBEMIED =0,



EBEEHmZBL,

// a,b) pij(a,b)dadd  (11)

L TEB, 22T g(a,b) = afO) & L7, g(—a,—b) =
gla) THB. ZHE py(—a,—b) = pylab) 25

(a,0) = (@, a) &

Ex~n

y~p

[(l)f(l) (l)

EmmFWﬂ%@%}:OTﬁéo O
y~p
RBEIMIEDRZIZ NNy FEHULZBEALZHHIZBENTD

fO DBAHFMECHE LD, (1) &
B EITEELEW,

PAEDfS#HE LT, 203y A—HFOMRIZ & 35 E a®
D 2 BRI FRE D M2 R0 723546, MBI ORIZIZ N Y
FEHEEEAT S Z 212 & 0 BEBGEELEEE D> Xy b
7 — 2 QT A — XSS B 7 1w Y v — R
FIOH D% 0L TEHILENTES,

(1) NI 0 2 TE

Ny FIERE & hFE & DRERM

FTAMCIZZuRxy h—RFofEEL TNy FIERLE
ESR AN DB % FA 7z, [FRRIZ 7 1 % i — K150l % F
F U 72 FAR A B BLE [6, 14] 22 ETIRBARMIZ 7 4w ¥ v —
FEREATH ZED Pho TWBH, Ny FIEHLIZRY b7 —2
HEZZIBE L1280 714y ¥y —IEWETH Ox a4k
EFEBRLUTVWAEIIBWTERZS, 70ty h—HT0EE
FRUDDBHRIMIZ 7 1w ¥ v —ERETH 2 Fb RV EIZBE W
T, IZB~R 35 PRONG[5] £ fTW3

PRONGI[5] 3B —BND/NT A —=RIZHRT B 719 ¥ v —
ERRTF RN AT EZ L 2BRLTREINAZTIVIV X
LTHY, TINTY XLDOFRHEIG N Y FIEHL & FEE I
LTW3, KDoA 5, PRONG PHE—EHRD/NT X —
R, LTy FIEBULDBEERE DT A — X L TE
NENT 14 ¥ v —IEWMETHZLLIINAELTWE 2D
BRIV R T E 5,

F AR TEE L 723D A DNy FIERLDE A L
#izH. PRONGP]] &> THRA (10) T (f) =0 & TE 3,
Z DFERT PRONG IR BEREEE D85 A — X2 B 1T
574y ¥y —ElREEZEETI2MREFE>TVWD EF R D,

7. YE

AR TIEBEER 2B 0 5 Ny FIERE & BRAEEE O
BIRZHO N T 2720027572, ZOMRELT, 71
v B —HFDIRIT & BEBS L0 al® @ 2 2D
&t % U TEBIBGE ML OO & T, JEEUEIE DT
BADNY FIEFUEOZB AT &0 BEHEE D85 A — 2 DY

CBLTCOBEREMAERINS 52 L 2R U7z,

S Xk

[1] Shun-Ichi Amari. Natural gradient works efficiently in
learning. Neural computation, 10(2):251-276, 1998.

6.

[2] Shun-Ichi Amari, Hyeyoung Park, and Tomoko Ozeki.
Singularities affect dynamics of learning in neuroman-
ifolds. Neural computation, 18(5):1007-1065, 2006.

[3] KyungHyun Cho, Tapani Raiko, and Alexander T Ih-
ler. Enhanced gradient and adaptive learning rate for

(4]

[11]

[12]

[13]

training restricted boltzmann machines. In Proceed-
ings of the 28th International Conference on Machine

Learning (ICML-11), pages 105-112, 2011.

Tomoko Ozeki, and Shun-ichi
Amari. Dynamics of learning in multilayer perceptrons

Florent Cousseau,

near singularities. IEEE Transactions on Neural Net-
works, 19(8):1313-1328, 2008.

Guillaume Desjardins, Karen Simonyan, Razvan Pas-
canu, and Koray Kavukcuoglu. Natural neural net-
works. In Advances in Neural Information Processing

Systems, pages 2071-2079, 2015.

Roger Grosse and James Martens. A kronecker-
factored approximate fisher matrix for convolution lay-

ers. stat, 1050:23, 2016.

Roger B Grosse and Ruslan Salakhutdinov. Scaling
up natural gradient by sparsely factorizing the inverse

fisher matrix. In ICML, pages 2304-2313, 2015.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian
Sun. Deep residual learning for image recognition. In
Proceedings of the IEEE Conference on Computer Vi-
ston and Pattern Recognition, pages 770-778, 2016.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian
Sun. Identity mappings in deep residual networks. In
FEuropean Conference on Computer Vision, pages 630—
645. Springer, 2016.

Sergey loffe and Christian Szegedy. Batch nor-

malization: Accelerating deep network training by
reducing internal covariate shift.

arXiw:1502.03167, 2015.

arXiv preprint

Max Jaderberg, Karen Simonyan, Andrew Zisserman,

et al. Spatial transformer networks. In Advances in
Neural Information Processing Systems, pages 2017—

2025, 2015.

Adam: A
arXiv preprint

Diederik Kingma and Jimmy Ba.
method for stochastic optimization.
arXiv:1412.6980, 2014.

Alex Krizhevsky, Ilya Sutskever, and Geoffrey E Hin-
ton. Imagenet classification with deep convolutional
neural networks. In Advances in neural information

processing systems, pages 1097-1105, 2012.

James Martens and Roger B Grosse. Optimizing neural
networks with kronecker-factored approximate curva-
ture. In ICML, pages 2408-2417, 2015.

Dmytro Mishkin and Jiri Matas. All you need is a good
init. arXiv preprint arXw:1511.06422, 2015.

Ruslan R Salakhutdinov, and
Nati Srebro. Path-sgd: Path-normalized optimization

Behnam Neyshabur,

in deep neural networks. In Advances in Neural Infor-
mation Processing Systems, pages 2422-2430, 2015.



(17]

18]

19]

[20]

(21]

22]

23]

Hyeonwoo Noh, Seunghoon Hong, and Bohyung Han.
Learning deconvolution network for semantic segmen-
tation. In The IEEE International Conference on
Computer Vision (ICCV), December 2015.

Nicolas L Roux, Pierre-Antoine Manzagol, and Yoshua
Bengio. Topmoumoute online natural gradient algo-
rithm. In Advances in neural information processing
systems, pages 849-856, 2008.

Tim Salimans and Diederik P Kingma. Weight nor-
malization: A simple reparameterization to accelerate
training of deep neural networks. In Advances in Neu-
ral Information Processing Systems, pages 901-901,
2016.

Wenling Shang, Kihyuk Sohn, Diogo Almeida, and
Honglak Lee. Understanding and improving convolu-
tional neural networks via concatenated rectified linear
units. In Proceedings of the International Conference
on Machine Learning (ICML), 2016.

Karen Simonyan and Andrew Zisserman. Very deep
convolutional networks for large-scale image recogni-
tion. arXiv preprint arXiv:1409.1556, 2014.

Christian Szegedy, Wei Liu, Yangqing Jia, Pierre Ser-
manet, Scott Reed, Dragomir Anguelov, Dumitru Er-
han, Vincent Vanhoucke, and Andrew Rabinovich. Go-
ing deeper with convolutions. In Proceedings of the
IEEE Conference on Computer Vision and Pattern
Recognition, pages 1-9, 2015.

Oriol Vinyals, Alexander Toshev, Samy Bengio, and
Dumitru Erhan. Show and tell: A neural image cap-
tion generator. In The IEEE Conference on Computer
Vision and Pattern Recognition (CVPR), June 2015.



