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Finding Minimal Unsolvable Structures
for Constructive Generation of Graph 3-Colorability Instances
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We have developed the method for systematically generating very hard graph 3-colorability (3COL) instances
to clarify phase transition mechanism of combinatorial search problems. In our method, 3COL instances can
be generated by repeatedly embedding minimal unsolvable graphs (MUGs). In this paper, we find larger-scale
MUGs, which are necessary for our generation method, using genetic algorithms (GAs). We also experimentally
demonstrate that the computational cost to solve our 3COL instances generated by using MUGs found by GAs
is of an exponential order of the number of vertices and our instances are extraordinarily harder than randomly

generated instances.
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procedure graph-generator(k)
begin
input an initial graph Gint;
G := Ginit;
for w:=1to k do
choose randomly an edge(i, j) € E(G),
where deg(i)< 3;
choose randomly MUG;, +;
embed MUG (i, 7);
end for;
end.
procedure embed MUG (4, 7)
begin
choose randomly an edge(z,y) € E(MUGHR:),
where deg(z)< 3
remove the edge (i, 7)
remove the edge (z,y);
)

add an edge (j,y

7
merge x with ;
end.

0 2: nde-free MUG O OO OODOO0OOO [Mizuno 08]

N

(1]oj1]of1]0f0f1]1]1]

0 3:00000000000GOoOO000

3. GAOOODOOODODODODbDOoOoO

3.1 OO

00 [Mizuno 08, Nagasawa 09 00000000 O00O0OO
gopoooob100o000boooboooooboooooooo
0000000000000000000000 [Mizuno 08]
gobobooboobooobooooobooooboogoo
OO000000 nde-free MUGUOOOOOOODOOOOO
goooU0ooOoO0oOoooooGAODODOOOoOoOoooog
0000 nde-free MUGOOODODOOODOOO

3.2 0OOOOOOOO

00000000 GO GADOOD 10000000 30
ooooooGouooooooooocoog1oooood
00000000 [0 o7jD000 Goooooooooo
0 F(G)OOUOO nde-free MUGOUOOOOODOOODO
gobooobooooooobooooo

F(G) =) w xf(G) (1)

1 00010000

0 Otherwise 2)

[(G) = {



The 26th Annual Conference of the Japanese Society for Artificial Intelligence, 2012

000 (n)=16
00 (m)=31
’I7,3=27 n4=14
000 (f(G))=4.0

1.E+09

1.E+08

1.E+07

1.E+06

1.E+05

Search cost

1.E+04

1.E+03

1.E+02

1.E+01

1.E+00

60

80 100 120 140

No. of vertices

Os 00000000000

pG) = I (3)
wor - {} Ggmzen
_ 1 var(G@) <1
1@ = {l/var(G) var(G) > 1 5)

0000w, 000 f;0000000n;, 000700000
var(G)D GOOOOOOODOOOODOOOOOO

3.3 0O0oOD

0000000000000 0000 GAODOOOooo
[Mizuno 08, Nagasawa 09] 00 0000000000000
000000000000 nde-free MUGDOOOOOOO
0000000000 n=16 0 ndc-free MUGOOOOOO
000000000GAODOOOOOODOOOO SGAOOOO
goooooboooooooooobooboo 200000000
2x10” 00000 400000000000 n=16 0 ndc-free
MUGOOOOOOoOoOOOO

4. 0gogg

4.1 00OO0O00OODOOO
000000000000 ndefree MUGOOODOODO
CoLO0000oooOoooooOoooooooooUuO4o

1.LE+06

1.E+05

1.E+04

1.E+03

1.E+02

1.E+01

CPU time (sec.)

1.E+00

1.E-01

1.E-02

1.E-03

1.E-04

40 60 80 100 120 140

No. of vertices

O 6: 00000CPU timel

—o—Smallk max (n=100) —#— Smallk median (n=100) —o-—Brelaz max (n = 100)
—8—Smallk max (n=200) —#— Smallk median (n=200) —-%— -Brelaz median (n = 100)
—e—Smallk max (n=300) ———Smallk median (n = 300)

1.E+08

1000

LE+O7 I\ A ¢ 1 %00
I v N A /\ | a0
7 LE+06 } \ g
© I \ l \ 1 700 5
S LE+05 \ 1 600 5
; ! N 8
g 1LE+04 1 No— —— 500 g
1E+03 ] 400
1 300
LE+02
1 200
LE+01 7 1 100
LE+00 ¢ 0
3 32 34 36 38 4 42 44 46 48 5

Average degree, y

07 00000000000000000000000
[Mizuno 08] 00 000

nde-free MUG 00 20 (1),(2) 0000000000000
ooooOO0O0o0oooo0o0oooooO02000000 k00
k=1~80 800000000 n=31~136000000000O
goooobwobboooooooooooooooooo
00000000 000000000000Smallk Coloring
Program[ 0 O O SmallkO [Culberson 01, Smallk 00] O O O
0000000000 ‘Search node’D000O0OO0OOOO
gobooooooooooooooooooo
0000000 PC/AT OO0 O CPU: Intel Core 2 Quad
Q9550 2.66GHz, RAM: 4096MBO O 0O OOOOOOOO
ooocoooooooo
gsdeb00oooooooooooooooooobooon
goodbo stoooobooooooobooboooooooon
ocooboooooboooooobooobOOoOoOoooooboooo
gooooooobooboboenbboooDOObOOOOOO SO
goooooooooooooobooooooooooooon
0000 ndefree MUGOOOODOOOOOOOOOOOO
ooooobooboooooboooboooooooooooon
gooooooboooooooooooooooooooon



The 26th Annual Conference of the Japanese Society for Artificial Intelligence, 2012

gooooooooboooooobobobooooooooon
gooooooooooooboooboboooooobbooooo
00000000 Mizuno 08) O OOUOOODDOOODO
gobooobobOoooooooooooooooOoooooooo
goboooboooooooooboooooooo
000070000 Mizuno 08) 00000 DOODOOO
00000000000000 BrélazOOOOOOOOOO
0000000000000 Brélazd [Brélaz 79]0 Smallk O
gboboooooooboo voboooooo 0 1100
gobooooo3oboboooono33souuooooooon
gloooobbooooooooooooooooooooon
gb3oooooooooobooooooooooboooon
Ooo0O0O0000BrélazODOOOO 10000000 1E408
O0Smallk 00000 30000000 1E+07000000
gobooodoooooooooooobocoooooooooon
O0BrélazOSmallk 0000000 800000000000
goooooobooooouoooooobobooooooooo
gooooooooooobooooooooooooooon
goooooooooboooooboooooooboooooboooon

4.2 00O
41000000000000000C0COOOODODOOO
pgbgbooooobobooboboboboboboboo
goooooooooooooboooooooooooooon
gooooooooooooooooooobooooobooon
gbooooooobobooooobobobooobooooo
Ooo0ooUooooooUoooOooOooUogd [Mizuno 08] O
oo0ooo00oo0oooooooooo(yooooooo
000000000000000((R)0D0000D00D0o0O0
00@B)ndc0000D0000000O0O0 frozen pair 000
gooooooooooooooobooooooooooon
goboooobooooobooooooooon
0000000000000000 ndefreeMUGOOOO
gobooooooobobooooobobooooooboooo
000ooooo00oooooO0OoooooOoooon 3COL
gooooooocoooooooboooooboooooboooon
gooooooocoooooooooooOoobooooooon
00000000 nde-freeMUGODOOOOOODOOOOOO
00000O0O000000oOoCooOoO0O n=160 ndc-free
MUGOOOOOOOOOOOOOOOO0OOO0OO0O0000o
gooooooooobooooooooocoooooooon
goooooboooooooooobooooooooooon
ooooooooGAODOOOOOOOUOOOUOOOOoOOO
00000000 OndcfreeMUGODOOOOODOODODOO
gooooooobooooboooooooooooooDooon
gooooooooooooooooooobooooobooon
goboboooooooboooooboooooOoooboooooboooo

5. oo

O0o0o0oooooooooooooo 3coLooooon
00000000000 0000000 nde-free MUGO OO
GAOOOOOODOOOOOO0O00C0O00000O0O ndc-free
MuUGOOOOOOOOOODOOOOOOOOOO0OO0O000o
gboobooobooboooboooocooooooooooboooboon
gboboooocooobobOoooobooboobooooOoon
0000000 nde-free MUGODOODODOOOOOOOOO
gooooooo GAOoOoooooooooooooOoOOOD
00000 00 10o000ooo0oooooooooooo

0000000000000 000D0O0O000O0O0 nde-free
MuGOOOOOOOOOOOOOOOOOOOOOOo

HEN

goboooooobooooobooooooo: 217001730
gooa

gooo

[Brélaz 79] Brélaz, D.: New methods to color the vertices
of a graph, Commun ACM, Vol. 22, No. 4, pp. 251-256
(1979).

[Culberson 01] Culberson, J., Gent, I.: Frozen develop-
ment in graph coloring, Theoret. Comput. Sci., Vol.
265, pp. 227-264 (2001).

[0 o7 0O0OU,0000,0000,0000,0000:
ooo0o0oOo0oooooOooOoOooooooooooo
oooOooooo0oO0,000ooooo0ooon, Vol
24, No.1, pp. 91-100 (2007).

[Hogg 94] Hogg, T., Williams, C. P.: The hardest con-
straint problem: a double phase transition, Artif. In-
tell., Vol. 69, pp. 359-377 (1994).

[Hogg 96] Hogg, T., Huberman, B.A., Williams, C.P.:
Phase transition and search problem, Artificial Intelli-
gence, Vol. 81, pp. 1-16 (1996).

[Mammen 97] Mammen, D. L., Hogg, T.: A New Look at
Easy-Hard-Easy Pattern of Combinatorial Search Dif-
ficulty, Journal of Artif. Intell. Res., Vol. 7, pp. 47-66
(1997).

[Mizuno 08] Mizuno, K, Nishihara, S.: Constructive gen-
eration of very hard 3-colorability instances, Discrete
Applied Mathematics, Vol. 156(2), pp. 218-229 (2008).

[00 10) 000O0,0000,000,0000,0000:0
0000000000 00000000 3COLOODO
000000000, 0 77000000000000
(SIG-FPAI), 000000, pp. 67-72 (2010).

[Nagasawa 09] Nagasawa, Y., Mizuno, K., Sasaki, H., Miki,
Y., Nishihara, S.: Constructive Generation of 3COL
Instances by Embedding Minimal Unsolvable Struc-
tures, Proc. KSE2009, pp. 100-105 (2009).

[Smallk 00] Overview of the Smallk Graph Coloring Pro-
gram (2000),
http://www.cs.ualberta.ca/ joe/Coloring/smallk.html

[Vlasie 95] Vlasie, D. R.: Systematic Generation of Very
Hard Cases for Graph3-Colorability, Proc. the 7th
IEEE ICTAI pp.114-119 (1995).



