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A Distributed Constraint Optimization Problem is a fundamental problem that can formalize various applications
related to multi-agent cooperation. Since it is NP-hard, considering faster incomplete algorithms is necessary for
large-scale applications. Most incomplete algorithms generally do not provide any guarantees on the quality of
solutions. Some notable exceptions are DALO, Bounded max-sum algorithm, and ADPOP.

In this paper, we propose a new solution criterion called p-optimality and an incomplete algorithm for obtaining
a p-optimal solution. This algorithm can provide a priori/a posteriori bounds, respectively. In the evaluations, we
show that this algorithm can obtain better quality solutions and bounds compared to existing bounded incomplete
algorithms, while the run time of this algorithm is much shorter.

1. 0OoOud

000000000 (Distributed Constraint Optimization
Problem, DCOP) 000000000000 OOOOOOO
goobooooooooooboboooooboboooooon
goooooooooooobooboobooocobooooooooon
goooooooooooooooooooooooooon
O000000o00onD ModiOs)DOOOOOODOO
O [Petcu 05b] 000000 DO0OOO0OOO DCoOPOOO
goooooobcorpOoOoOOOOOOOOoOoOoOoooOon
0o0O0O0000ooO0O0000oO0oDCOP O NP-hardO O
gbooooboooboooooooboooboooooboooooboo
gbobooobooboooobooooooooboo

gooobooboooooooobobboooooooooo
00000000 DALO [Kiekintveld 10]0 Bounded max-
sum [Farinelli 09]0 ADPOP [Petcu 05a] 000000000
O0o0oO00oobALOODOOOODOOOOOUOOODOOOO
gboobooobooooobooboooobooooooooooDooon
goooooooooboooboooooooobooboouobooaon
goboobbooboobobooobooboooboboobb
000 0Bounded max-sum 0 00O ADPOPOOOOOOO
goboooooooooboboooooooooooooooon
gboooobooobooooooobooobooooboooooboo
gooooooooooooooobooooboooobooobooaon
gboboooooooboodooooobooooood

gooooooooooooooooooooobooboo
000000 poptimality 000000000 DOCOOOO
gboooobooobooooooobooobooobooboooooboo
goooooooobooooooooocoooooooooo
gooooooooboooooooooooooooooon
gboobooobooboboboobooboobbobooobb
goooooooooooooooooooboooooooon
goooooooooooooooooobocooooooon
o0oooooooooo bcopOoOooooOoOooOoOoO

000:0000000000000000000O00ODO812-
0395 0000000000 744 00 0O (092)802-35760
tenda@agent.inf.kyushu-u.ac.jp

0000000000000 0oO00DooOoooDoooOo
O000o00O00o0o0o0ooOoooU0ooooOoooooOoo
O000. 00000000000 n00000D0O0ODO0OO
00000 oneshot type 00D O0OO0DO0OOOOOOOO
goooooobb poooobbobbbbbobbbboog
0000000000 00O000ooO0oo0ooooOo

DALO O k-size/t-distance-optimality [Kiekintveld 10] O
0000000000000 00000 anytimeO0O0 0000
O00000000000000000 one-shot type O OO
O0o00o0o00o0oo0O0ooO0bo0o0ooooDooooo
0000000000000000000 pO0000O0OO0OOO
0000000000000 0 0 k-size/t-distance-optimality
oooooooooo.

Bounded max-sum 0 one-shot type DO OOOOOOOO
000000o0o0o0o0oO0ooooooooooooooo
goooooboobobb pbbbbO0OO0O00oooobbbog
0000000000000 000000O00O0OoooOo
0000000000000 pO0O0O0OOO0OOOOODOOO
ooooooooooooo

0000 ADPOP OO OOOOOOADPOP O one-shot
type 00 0000000000000 O0O00OOOOOOOO
0000000000000 0O00O0o00ooUooooOo
00o0o00o00oO0o000Oo0o0oOoU0oOoooOoooOooOOo
00000000 o0ooooooOoooooooooooo
0000000000000000 p-optimality 0 OADPOP
0000000o0o0o0o0o0oo0oooooooooooo
gogoboooboboobbboobbooobo

2. 00O

oooooooooobooooooooooobobooooa
goooooooooobooooooooooboooooooo
oooooooooboooooooooooooooooo
goooooooooobooboboooooooooobooooo
gooooooooooooooooooooooooooon
ooooooooooooooboooboooboooooooooo
goboooooooooooboooooobooo



The 25th Annual Conference of the Japanese Society for Artificial Intelligence, 2011

£, J)

oceoe-

ooee -

(b)

01: ()0 5000000000000000000000
000000000000 0 (a)000000000000
00000000000000000 110000

00 1(000o0o0oo0ooon). Doooooooooooo
0Ooo00o0o0o soo0o000 Xoooooooo coooog
goo00b0 FOO0OODOODOODOOOO:0ODOOD
Oz, 0000,0000000 D;000000000000O
0o (i,5)0 ;0 z; 000000ODO0OOUOODOODOOOO
000200000000000000 {(z,di), (z;,d;)} 0
goooooooono Ti,j(di,dj)tDiXDj—)RDDDDD
Joooooooooooooog Agoogao

>

(4,9)€C {(zi,di),(wj,d;)}CA

R(A) 73,5 (di, dj)

ooooooooooooooooooo A0 O
argmax4a R(A)ODODOUOOORA) DODOODOODOOO
gobooooo

gbobodobooboobbooboobooboooboo
gobooooo0o0o0ooooboboooboobobobooboobe,y oD
DD,(i,j)EC, VdiEDi,VdjEDj,OST‘i,j(di,dj)g’l’maw
goooboooooooo

gooobdoboooobobooobobooobobbo
oggbooooboboobobobooboobobooboo
0000o0o0o0oooooo 1(d)0bs00000oooooo
g000DoDO0o0ob0obDOo0obOobOOoDoobOobooooooo
gooooooooooboboooboboooooooooo
0oo0oooooooooUuo()UoOooUoo (a)oooo
gooobooobobooobbooobboo 11togoo

000 G=(Vv,p)0oooooooo v=A{1,...,n}00
godooboooooooo pOOOOOODOOO

00 2(00000000O00). 00000 oOOOOOO
gooooooobooooboobooooooooobooon
oooooooooooo0oOooooooboooboboOog ob
gboooooo«<:0j0000000000:=<j00000
000000000 +:0000000 ord(d) DODODOODO

00 38 (00). 000 G = (V,E)DJO0O0000 o000
i€ VODOOOA(E,0,))={j|(i,j)€e E A j=<i}000
0i0000000

00 4(0000000000). 000 G=(V,E)0000
00 o0000D0000000000D00000000 GO
00000 o00000000D000D0000

Vi,V5,Vk €V, if j,k € A(E,o,1), then (j,k) € E.

00 5 (00000000DODO0O0). D00 G=(V,E)OO
o000 o0bouooooooonooobooobobooooon
00 o00000DO0O0 G =(V,E)ODOOOO GOOOO

00 o0000000D0O0O * 0000

(1) Set E' to E.

(2) choose each node i € V' from the last to the first based
on o and apply the following procedure.

e if 35, Ik € A(E',0,i) s.t. (j,k) € E', then set E' to
E"U{(,k)}-

(8) Return G' = (V, E').

oooooobooooooooooooooooboooaa
0000 [Dechter 3]0000000000O0O 100000
gobooooobooooooobobon—-10000

00 6 (000000000000000). 000G = (V,E)
000000 o0000 ieVOOOOO|A(E,0,i)|0000
0000000000 :000000000maxey |A(E,o,i)|
0000000 o0D000000 GOOODO00w(G,o0)0
000000000000 GOOOO0OO0O o0000000
000000000000 G =(V,E)0000w(G,0)0
000000000000 GOOO0D0000D0

00o0oO0oooUo G=(V,E)OODODOOOoOooooo
000o00oOo0o00oDoooU0oooouUoooooooodg
gooooooooOO0ooooUoOoOO.oooq«0oDpooog
oooooooooooooo Goooooooq«oogd
godoobooooboooooooobooooooooo
000000000 00GOO0O0O first back-edge, second
back-edge,. . ., k-th back-edge 0 0 000000000 OOO
00000000 w(G,0)—100000

3. gobbouooobbboooobob

goooooboooooooooooooooobooooa
00000 poptimality 00000000000 OCOOOO
goooooooooooooooooooooboboooon
gobooooboooboooooooooooOoooboooDbooo
uooooboooopbOOO0ODOCOOOOOOOOOOOp-
optimal 000 00000D0ODOOOOOOOOCOOOOO

o0 1. 0ooooboooooooooobooooooooon
goboooooooboocooo poboboooboboooo
gobooooboooobobod

ud 200 100000000ob0d0booocoooooo
goooo

ubl10000000oocooooooooboOoboog pd
gooooobooobooooooooooooooooooo
goooooooboooobobooooboooooboobooo
goboooooooooobooboooooooboobobooooo
goooboooooooooooooooooobooooooo
gbobooopl1obO0ObOOoO0Ob0ObObOOOObOODbOOn
gobooooodooobooooboooooobooboooooo
goooobooooooooobooooobobboooooo
ooboooboOopOO0O0DOOODDOODODOO

ob1oooooobooooboooooooon

x1 00 [Dechter 050 000000000DOOOOODODOOO
ooooooooooooooooooooooooooooon

goooooooooooooooooooooOoOOoOoOOoOoooo



The 25th Annual Conference of the Japanese Society for Artificial Intelligence, 2011

@
(b)

(a)

02 ()0 j,k € AE", 040 (G,k) ¢ E'000DO0 p-
reduced000 G” = (V,E")000000OOOOOODOOO
(b)DO0ODOO (j,k)ODOODO 50O first back-edge 00000
g00o0 GoOOo0oooooooooogo

00 7 (preduced D00). DO0O0O0O oOOOOOOOO
00 G=(V,E)oooooouoooooooooooooo
00 G =(V,E')O GO p-reduced 000000 (1 <p<
w(G,0))0

(1) Set E' to E.

(2) repeat the following procedure w(G,0) — p times.

e For each i € V where p+1 < ord(i) < w(G, o)
remove the first back-edge in G' = (V, E') from E' if
there is one.

(8) Return G' = (V, E').
preduced D0 0000000 OODOOOODOOO

00 1. 00000 o0 O0UOOODOOUDLOO G=(V,E)OU
00 1<p<w(Go0GO p-reduced000 G' = (V,E")
gooooooooooo

(1)G'000000 o00DDODODOOODDOODO
(2)¢'000000 w(G,0)0 p0000

O0. preduced 0000000000000 (p+1<
ord(i) < w(G,o0)) OO Ofirst back-edge 0 w(G,0)—p O 00
O00ooO0oo0o0oDo w(G,e)00O0000O0ODOOOOO
O00w(G,0)—10000000000000000DOOO
O000p—1000000000000:00000p0OO
goobooobooobooboobooboooboboobooo
00000000 w(G,e)—10000000000000O0O
0p-10000000 w(G,0)0 p0O0D

000G’ 000000 0000000000 0000O0DOO
p-reduced 0 00O Ofirst back-edge OO0 000000000
000D0000000GO0000D00 first back-edge 00O
0000000000000000 G"=(V,E”")0OD00O0O0O
Obo0000O00DO0ODOODOODOODODOOOD
gooooooooooOo0o0oOoooooo0z4 eV, d4y,3k e
A(E",0,i),st., (j,k) ¢ E’000000D000 (O 2 (a))0
go0oDoOooooooboOdk<j0000000

0000G = (V,E)UUOOOOO o00O0ODOOOOOO
000000000,k € ED0O0O0D(G,K O GOODO
0O j O first back-edge 0000000k € A(E",0,4) 0ODO
(i,k) e E'D000D00ODOOOOOI<KO0000DO0IO00
000Gl e EDO (i,0) ¢ B/ 00000000000 ,I)
0 GOO000 40 first back-edge 0000 E' 000000
ooo0oooooO0G = (V,E)OOOUOOO o00OOOO
000000000l € EODOO (4,5) € E00D0O0DO

() e EDODOO (O 2(b)00000000I<kO000
000(j,k)00GDOO000 40 first back-edge 100000
00000000000G"=(V,E/)000000 o000
0000000000000000 O

000000000000000 p-optimality 000000
0000000 preduced000000000000000O

00 8 (p-optimality). 000000000 < X,C,F>00
0000 o00000000O0 A0 p-optimal0000000
00000 G=(X,Cc)000000 o0DO0ODODODOODO
000000000 G¢'=(X,C"NO0G" O p-reduced 0000
G'=(X,C")0000AD0 G'0D0000O0O0OOOOOO
0000000000000 0000000O0 A 00000
Rev(A)> Ron(A) 0000000000000

oo2000000000o0oobOOO0O0O0CbO0O000O
Opoptimal 00 0O00O0O0DODOO0OCODOOO0O0O0O00O0OO
OOO0OO0OO0DOp-optimal 000 0000O000O0O0O0O0O0O0O
goooooboooooooooooooobooooooo
0000000ADOPT [Modi 05] O DPOP [Petcu 05b] O
goboooooboooooooobooooooooooon

goooobooooooooooooooobooOoOoboboooo
00000000 (absoluteerror) OO0 OOOOOOOO
goooooooooooboooooooooooooooo
00000 <X,C,F>00000000 G=(X,0)000
000 o0DDDODOOOOD AO poptimal 000O0OOA
0000000 A*"00000O000ooooOoooooo

w(G,0)—p

Y (X = (k+1)

k=1

R(A") — R(A) < T'mas X

oooooooooo0o0ooooo0o0000n rme., 000
gobooooooooooobooooboooooon

0000 (relative error) 0000 ADPOP [Petcu 05a] O
gbooobooooobodoboooobouooooocoooooo
oo oobobobbobboo
0000000 (4,j)0000000000000O0O0O0OO
0000000 0000 4/00000004+:000000
0 (4,/)00000000 40 4000000000000
goboodooboooboooooo

goooobooooooooooooooooboooada
gobooooboooboooooobooooobD poboOO
0000000000000000000000 minibucket
elimination [Dechter 03] 00000000

4. 00odQO

000000000 DALO-t [Kiekintveld 1000000
O00o00o0o0oooooooooooooooooooog
oo00oooooUoooooooooooooooooood
gooooogooooooUooooogo sgoooood
000 o000 9O0O000ooooooouoooooooon
0000000o0oooooooooooooooooooon
00000 30000000000 ooooooooooog
0 2000 FRODO (version 2.7.1) [Léauté 09 0 OO OO
000 DPOP O 00O OO O Ot-distance-optimality O k-size-
optimality 000000000 [Kiekintveld 10|00 000
t-distance-optimal 0000000 DALO-t 0000000
0 0 O 0 p-optimality O ¢-distance-optimality 00 0000



The 25th Annual Conference of the Japanese Society for Artificial Intelligence, 2011

—o— (a) p=I-solution quality --&- (a) t=1-solution quality
= (b) p=1-relative-error  --%- (b) t=1-relative-error
—— (c) p=I-absolute-error

b e
A I ———— ot
4 ........... x ...........
B 2 N ‘
E 2
& 18
T 16
Sy
< B
£ 12 / ‘x/)l(
S
Z 1% o e
0.8? """"""""""""""""" @ ® **
0.6 ‘ ‘
: 10 s J
Number of Nodes

03 000300000 0300000000 p=l-optimal
0000 DALO-t=10 (a)0(b) 000 (¢)00000000
00 DALO-t=1000000000

000o0ooooooooo0ooooooooooooooon
ogogoobobpobb¢tb0ol1bbOo0oobbOOooobO.
03000000000000000 300000 o0.300
000000 p=l-optimal 0000 DALO-t=100000
O00o0oU0ooOoo0ooOooUd(k)DooooUoooo
(b)OOO ()OO0 0O0OOUOOOOOOOOoOOOoUOO
000000000 (OUOM OO0 (gobb0ooooooo
000000000()01000000Mm)O000 (¢)O 1
000000o00o0D ()0(b)00D (c)OUDOOODOOO
10000000000000000 DALO-t=100000
00000 3000p=l-optimal 0000000 (a)d (b) O
00 (¢)DOOO0ODALO-t=100000000000000
0000000000000 00p=l-optimal 0000 (C)D
J0000o00oooo00dooooooooogoooooon
jd0Do00oo0ooooUooooooooooooooog
0000oooooooooooooOo0oO0oO0OoOn 4000
00 10000000 500000000 p=1l-optimal0000O
DALO-t=1000000000000000 DALO-t=10
0000000 4000p=1-optimal 0 0000 ODALO-t=1
Jd0o000oo0o0ooooooooooooooo
0o0000o0o0oooooO0o0oo0ooooo0OodobALO-
t00000000000000000o00o0oooooogg
000ooooooooooooooOooooooooooon
J00000000o0o0doooo0oooo0ogoooooon
Jdddo0o0oooo0odooooooooooooooooon
J00o00o0oo0ooooooooooooooon
0000 Bounded max-sum 000000000 0O0OO0O
0000000ooooooDgo AbDpOPOODOODOODOODO
DO0do0ooobobooooooooooooooooooon
oooooooooooo

5. oo

gbobooooooooooobooboooobooooboooo
gooooooooboooboobooooooboooooooon
oboooooooobooon00 p=t-optimality 0000000

7000 T T T
—&— p=Il-run time l
6000 |- .
------- ®-- t=l-run time
5000 -
[2)
g 4000
§ |
g 3000 et
2000 o
-------------- e
1000 ™
IL L ———— p—
0.002 0.003 0.004 0.005 0.006 0.007 0.008
Density

O 4: 0000 10000000 500000000 Op=1-optimal
0000 DALO-t=1000000000000000 DALO-
t=1000000000

00000 t=1-distance-optimality 0 0 0 0 DALO-t=10
O00000O0o0o0o0oooooooooooUoooooOoo
0000000000000 DALO-t=1000000000
O000o0oO0o0oo0ooOoooooooooooooooo
0000000 anytimeODOODODOODOODOODODOO

gooo

[Dechter 03] Dechter, R.: Constraint Processing, Morgan
Kaufmann Publishers (2003)

[Farinelli 09] Farinelli, A., Rogers, A., and Jennings, N. R.:
Bounded Approximate Decentralised Coordination using
the Max-Sum Algorithm, in Distributed Constraint Rea-
soning, pp. 46-59 (2009)

[Kiekintveld 10] Kiekintveld, C., Yin, Z., Kumar, A., and
Tambe, M.:
mate Distributed Constraint Optimization with Quality

Asynchronous Algorithms for Approxi-

Bounds, in Autonomous Agents and Multiagent Systems,
pp. 133-140 (2010)

[Léauté 09] Léauté, T., Ottens, B., and Szymanek, R.:
FRODO 2.0:
tributed Constraint Optimization, in Distributed Con-
straint Reasoning, pp. 160-164 (2009)

An Open-Source Framework for Dis-

[Modi 05] Modi, P., Shen, W.-M., Tambe, M., and
Yokoo, M.: ADOPT: asynchronous distributed con-
straint optimization with quality guarantees, Artificial
Intelligence, Vol. 161, No. 1-2, pp. 149-180 (2005)

[Petcu 05a] Petcu, A. and Faltings, B.: Approximations in
Distributed Optimization, in Principles and Practice of
Constraint Programming, pp. 802-806 (2005)

[Petcu 05b] Petcu, A. and Faltings, B.: A Scalable Method
for Multiagent Constraint Optimization, in International
Joint Conference on Artificial Intelligence, pp. 266-271
(2005)



